ABSTRACT An improved target field method is proposed for the cylindrical coil design to meet the constraint of limited coil volume. It realizes the design of uniform magnetic field coil by predetermining the coil configuration and optimizing the coordinate positions of the target field points. Compared with conventional methods, this current density distribution is divided into two symmetric subregions to solve the problem of reserving a gap in the coil center for setting the light-passing holes. Therefore, this method is more applicable in the miniature atomic devices with optical paths. Moreover, the overall coil performance can be significantly improved using the optimized configuration of coil design parameters. The numerical evaluation shows that the coil designed by this method has remarkable advantages over the nested saddle coil, whose uniformity performance can be improved by about one order of magnitude. The measurements show that the relative magnetic field uniformities of the proposed coils reach 4 × 10 −4 and 3 × 10 −4 along the z-axis in the range of ±0.24 R. The measurement results match well with the theoretical simulation.
I. INTRODUCTION
A tri-axial magnetic coil system is a core component widely applied in extensively fields, such as atomic sensors [1] and magnetic positioning systems [2] - [4] . In magnetic positioning systems, a tri-axial transmitting coil system is excited to complete an effective tracking process [5] - [8] . While, atomic sensors use different interactions between light and atoms to detect different physical quantities with ultra-high measurement potential. The most studied atomic sensors are atomic magnetometers [9] - [11] and nuclear spin gyros [12] - [14] . Among atomic sensors, the uniformity of magnetic field coils is the most concerned one. The required tri-axial magnetic field system can easily be constructed by multiplexing the same cylindrical structure, two orthogonal
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transverse magnetic field coils and a solenoid coil. One of the most widely used transverse magnetic field coil is the saddle coil with an aspect ratio of 1.75. The direction of the magnetic field generated by the saddle coil is along the radius of one thin cylindrical shell [15] - [18] . Wu et al. proposed a nested structure of a pair of saddle coils that reduced the aspect ratio to 1 at the same uniformity level [19] . In recent years, atomic sensors tend to be miniaturized, resulting in strict requirements for the size and the uniformity of the coil system [20] - [22] .
To overcome the limitation of the coil structure, we took the lead in improving the target-field method (TFM) to design the cylindrical uniform coil with magnetic field along its axis [23] . The TFM was first proposed by Turner in the 1980s [24] , [25] , and has become the mainstream method for the design of shim and gradient coils [26] - [30] . Turner's method is a continuous current density method that depends on the uniqueness of the Fourier-space analytical expression to obtain the solution result [31] . Using the stream function, an approximate shape of the coil is obtained by discretizing the current density [32] . However, the size of the coil can't be specified in advance. Later, Forbes et al. modified the TFM and pre-confined the coil structure using periodic functions to constrain the current density distribution in order to ensure that the current density vanishes outside a certain finite area [33] - [35] . However, the introduction of constraints led to an ill-conditioned problem in the integral equation for the current density which should be solved by the minimization technique [36] . Moreover, Xu et al. proposed a design of the radio-frequency phased-array coil with a better magnetic field homogeneity, where the current density on the coil surface was divided into several independent subregions [37] . The application of TFM in the design of shim and gradient coils has proved its advantages of strong adaptability and flexible control of coil structures. However, a thorough analysis of TFM in the design of compact uniform coils with high homogeneity has been rarely performed in the literature. This motivated the authors to utilize the TFM to design uniform magnetic field coils.
In this paper, a design method based on TFM is proposed for the design of cylindrical uniform magnetic field coils. In the proposed method, the magnetic field generated by the coil is distributed along a specific diameter of the cylinder. For the purpose of arranging the pumping and detecting optical paths conveniently, the condition of reserved lightpassing holes in the coil center is considered. In order to validate this method, several coil winding patterns are constructed. The experimental results are in good agreement with the simulation results. In the specified target sphere region, the absolute magnetic field relative error of both designed coils is better than 0.001. Compared with traditional design methods, the outstanding advantage of our method is that the coil volume can be first determined according to practical requirements, and then winding patterns can be optimized to meet homogeneity requirements. Therefore, this method is applicable for miniature atomic sensors, where the performance is subjected to the homogeneity of coils.
II. THEORY
The uniform magnetic field coil is fixed on a cylindrical surface of radius R and total height 2H along the z-axis (Fig.1) . Its ends coincide with the two planes given by z = ±H . Suppose that a continuous current density J (A/m) is distributed on the surface of the coil that generates the desired magnetic field inside a target spherical volume (TSV) with a radius of cr. Before determining the expression of the current density, the coil surface is evenly divided into two equal sections along the height coordinate due to the highly homogeneous magnetic field in the TSV and the possibility of having light-passing holes. Moreover, the current density in each section is symmetrical along the axis z = 0. 
A. CURRENT DENSITY AND MAGNETIC FIELD RELATIONSHIP
To design such a uniform magnetic field coil, the current density must first satisfy the steady flow condition, as (2.5) in [34] . In this paper, it is expressed as:
A series of basic trigonometric functions can be selected as the expression of current density in the cylindrical coordinate system [27] , [38] . Using the periodicity of the trigonometric functions, the coil current can be set on a cylindrical plane with limited height of [−H , H ]. At this point, the current density on the coil surface appears as a continuous quantity. In order to generate a uniform magnetic field along the radial direction of a cylindrical coil, J can be expressed as [34] :
where J z1 , J z2 and J θ 1 , J θ 2 denote the components of J in the z and θ directions, respectively. P mn and Q mn are the VOLUME 7, 2019 coefficients of the required current density expression. m and n represent the order of Fourier series terms, whose maximum values are up to M and N . Z 0 is the half of the space width reserved in the center region of the coil for light-passing holes. It is noted that within the area given by |z| > H and |z| < Z 0 , J = 0 holds, which indicates that the current is in a limited area. Based on the Biot-Savart's law, the magnetic field produced by the current density can be expressed as:
where dA is an integral element of the surface area of J(r ), µ 0 represents the permeability of vacuum, r(X , Y , Z ) and r (R, θ, z) are the position vectors of one field point and one source point on the coil surface, while (r − r ) is the distance between them.
Converting the current density in the polar coordinate to the Cartesian coordinate, J(r ) can be represented as: (5) where unit vectors e x , e y and e z point to the x-axis, y-axis and z-axis, respectively.
Meanwhile, the magnetic field can be expressed in the Cartesian coordinate as:
The three components of the magnetic field B x (X , Y , Z ), B y (X , Y , Z ) and B z (X , Y , Z ) can be obtained by substituting (5) and (6) into (4). Therefore, the result of the magnetic field along the y-axis is:
where
Since the expression of J θ 1 , J θ 1 , J z1 and J z1 are defined in (2) and (3), and subjecting to certain transformations, the final expression of B y (X , Y , Z ) is:
where intermediate functions U mn and V mn are defined as:
The objective is to find a specific solution of this current density to produce the desired uniform magnetic field as a constant B target . Therefore, in the TSV there would be:
The substitution of (8) into (11) causes a highly illconditioned problem, leading to the dilemma where a unique solution may not be obtained for a given target field B target . This is attributed to Fredholm integral equations of the first kind. To overcome this ill-conditioned problem, a regularization strategy (Tikhonov regularization) and a penalty function are implemented to determine the unknown coefficients in the expression of the current density.
B. SOLUTION METHOD
Firstly, total number Num of position coordinates of several field points are selected in the target region. Thus, the error function, E, representing the sum of the square of the difference between the calculated magnetic field and the desired magnetic field can be written as:
where B y,j (X j , Y j , Z j ) is the magnetic field component along the y−axis of the jth target field point.
Substituting (8) into (12), the error function can be found as:
In order to avoid the ill-conditioned problem when solving the undetermined coefficients, Tikhonov regularization is implemented [34] .
Then a penalty function F (which relates to the undetermined coefficients) combined with a penalty factor λ is introduced to apply a constraint on the error function. Thus, the residual error E is modified to be:
Obviously, the minimal value of E can be obtained by requiring the derivatives to be zero:
where m and n are the index of the independent variable P mn and
The solution of (15) is a series of linear equations that can be represented into matrix form as:
where is known as the regularization matrix derived from the penalty function. 
Based on the Tikhonov regularization, an explicit solution of undetermined coefficients, denoted byx, can be given by:
C. STREAM FUNCTION AND OPTIMIZATION OF COIL WINDING PATTERNS
In TFM, the stream function is one of the most commonly used means for generating the winding patterns of the coil system [32] . The winding patterns for the designed coils are obtained from the contours of the stream function. Considering the current continuity equation presented in (1), the stream function can be obtained related to the components of the current density as:
Therefore, according to the division of the presented current density expression, the corresponding stream function can also be written into two parts as:
Another key factor is to select an appropriate type of the penalty function F. In this case, the curvature of the stream function serves as the penalty function in order to optimize the coil winding patterns. The penalty function is:
Substituting (19) into (20) provides the final expression of the penalty function as:
Thus, the regularization matrix in (16) can be expressed as: 
III. DESIGN AND OPTIMIZATION
To demonstrate the effectiveness of this method, several design examples of winding patterns were constructed. All parameters were selected in accordance with the practical constraints. In this section, two types of coils are listed. One coil provides Z 0 = 0 with no light-passing holes, while VOLUME 7, 2019 the second coil provides Z 0 = 2.5 mm to retain light-passing holes.
The dimension of each coil is limited on a cylindrical surface with a radius of R = 20 mm and a height of up to 2H = 50 mm, respectively. The radius of the TSV was cr = 5 mm (a quarter of the radius length), and the desired magnetic field was non-zero constant. The uniformity of the magnetic field in TSV is closely related to the Fourier series terms. It was observed that satisfactory accuracy could be achieved with M = N = 4.
The selection of the coordinate positions of the target field points is vital to maximize the optimization space. After several theoretical verifications, a total number of Num = 147 target field points were evenly distributed on the surfaces of three spheres, as shown in Fig.2 . In the absence of light-passing holes, the radiuses of the inner, middle, and the outer sphere were 2 mm, 4.7 mm, and 6.6 mm, respectively. Meanwhile, the radiuses of the inner, middle, and the outer sphere were 2.3 mm, 4.6 mm, and 5.8 mm, respectively, with the consideration of light-passing holes.
The penalty factor λ provides constraints for the regularity and the smoothness of the designed coil windings. The larger λ is, the smoother and more symmetrical the current density distribution on the coil surface will be. However, an extremely large value of λ will reduce the magnetic field accuracy in the target area. Therefore, an appropriate selection of the penalty factor is required to maintain a balance between coil array simplicity and magnetic field homogeneity. Hence, λ was selected to be 10 −11 and 10 −12 for the considerations of with and without light-passing holes, respectively.
The above-mentioned parameters were used to calculate the values of the stream functions and the corresponding contours for the designed coils. The resultant stream functions and the contours are shown in Fig.3 . The stream functions represented by Fig.3 (a) and (c) coincide with the case of Z 0 = 0 and Z 0 = 2.5 mm, respectively. After the continuous stream functions were discretized, the discrete line patterns in Fig.3 (b) and (d) were obtained as the current routing of the designed coil. It is obvious that a blank position of 5 mm is left in the middle of Fig.3 (d) . The two winding patterns derived from their contours are shown in Fig.4 .
IV. CONTRAST
The coils designed using the proposed method have the advantage of large uniform region while a limited volume. The performances of the designed coils are evaluated and compared with the commonly used saddle coil structure. It should be noted that the uniformity performance of the nested saddle coil is better than the single saddle coil [19] . Therefore, nested saddle coil is considered here for a comparative simulation. The geometries of the saddle and the nested saddle coil are shown in Fig.5 . Moreover, the two designed coils were processed by the double sided Flexible Printed Circuit (FPC) technology in order to experimentally validate the accuracy of the simulation results. 
A. NUMERICAL ANALYSIS
Here, Biot-Savart's law is applied to compute the resultant magnetic field produced inside the coil. The three types of coils used in this numerical analysis are: two coils designed by this method of Z 0 = 0 (aspect ratio of 1.25) and Z 0 = 2.5mm (aspect ratio of 1), referred as designed coil 1 and designed coil 2, respectively, and the nested saddle coil (aspect ratio of 1). For a fair comparison, all the simulated coils share the same radius of R = 20 mm. Once the coil winding pattern is determined, the magnetic field uniformity of this coil can be reflected regardless of the shape of the target region. Therefore, the target region is selected as a cube with a side length of 10 mm (R/2) located in the center of each coil.
The proportion of the magnetic field relative uniformity in the target region is shown in Table 1 , and the simulation results of the magnetic field relative error on the three coordinate planes are shown in Fig.6 . In the target region, the absolute maximum magnetic field relative errors of the both designed coils are less than 0.001 compared to the error value of 0.012 for the nested saddle coil. The small relative error indicates that the proposed method has a good uniformity performance. Especially, the absolute maximum magnetic field relative error for designed coil 1 is only 4.29 × 10 −4 . For designed coil 1 and 2, the volumes of the absolute magnetic field relative errors less than 1 × 10 −4 occupy 84.54 % and 32.06 % of the entire target region space, respectively. However, this metric is only 13.79 % for the nested saddle coil. It is obvious that the uniformity performance of the nested saddle coil is barely satisfactory compared with the uniform coils designed by this method.
B. FABRICATION OF COILS AND MAGNETIC INDUCTION MEASUREMENT
In order to determine the magnetic properties of the fabricated coils and to compare with the numerical analysis results, the magnetic inductions were measured. The designed coil 1, designed coil 2 and nested saddle coil were fabricated by double sided FPC technology with a thickness of only 0.1 mm. Then the coils were glued on the surface of a cylindrical frame with a radius of 63 mm and were each tested separately with a flux-gate magnetometer as shown in Fig.7 . Thus, the actual radius of each test coil is 63.1 mm (taking thickness of the test coil into account) compared to the design size. The overall structure of the coil winding enlarges equally with this proportion. The flux-gate magnetometer MAG-03 produced by Bartington Instruments was used for testing. MAG-03 has a measuring range of [−100 µT, 100 µT] and a low noise below 6 pTrms/Hz 1/2 at 1 Hz. In order to avoid the interference of the environmental magnetic field fluctuations and to achieve a precision measurement, the AC modulation and demodulation method [19] was adopted. Two kinds of experiments were conducted. The first experiment was to measure the magnetic field produced by the coil with an unchanged amplitude of the modulated current at various points along the z-axis from -86 mm to 89 mm, at 5 mm intervals. The second experiment was to calibrate the coil constant under different modulation currents along the y-axis.
A current generator named LDC 205C was used to produce AC modulation current as input to the coils. The AC current was sufficient to produce a stable magnetic field environment. The output signal of MAG-03 was demodulated by a lock-in amplifier named MFLI (Zurich Instruments). During the measurements of magnetic field along the axis position, AC currents with amplitudes of 125.93 mA, 162.25 mA and 216.15 mA all with frequency of 23 Hz, were applied to designed coil 1, designed coil 2 and nested saddle coil, respectively. The measurement results with uncertainties of each test coil are listed in Table 2 . Considering that there is a gain attenuation in the output value of MAG-03 used in the range of AC frequency band, all the measured results were multiplied by the attenuation coefficient. Figure 8 shows a comparison between the simulation results the same in the TSV whose length is 0.5 times the radius of the coil.
In the calibration of coil constants, the experimental data with different coil current amplitudes are shown in Table 3 and Fig.9 . The measured data were linearly fitted to obtain the coil constants 33.612 ± 0.020 nT/mA and 19.451 ± 0.004 nT/mA of the corresponding coils. The theoretical obtained coil constants of these two designed coils are 33.742 nT/mA and 19.482 nT/mA, respectively. There is remarkable consistency between theory and actual experiments.
V. CONCLUSION
In this paper, a new approach based on the TFM is proposed for the design of uniform magnetic field coil. The current density on the cylindrical coil surface is divided into two parts according to the symmetrical cross section of the coil and is expanded into Fourier series. A reserved gap for lightpassing holes can be set by controlling the initial position of the upper and the lower parts of the current density in the coil center. The minimum curvature constraint is introduced as the penalty function of the current density and solved by Tikhonov regularization. The actual winding patterns are ultimately obtained by using the stream function method. The advantages of the proposed method are the high magnetic field uniformity and small space occupation of the coil.
Its characteristic lies in the flexibility of the control coil design process, whereas the distribution of the selected target field coordinates is not limited to the strategies adopted in this paper. TSV of other shapes can be further studied to improve the accuracy of the design. The performance of the proposed method is evaluated and compared with traditional nested saddle coil using both simulations and experimental measurements. This method can improve the uniformity performance by about one order of magnitude compared with the nested saddle coil. The comparative analysis validated that the proposed method is appropriate for not only miniature atomic sensors but also any situation where uniform magnetic field is required. WENFENG WU received the B.S. degree from the Tianjin University of Science and Technology, Tianjin, China, in 2012, the M.S. degree from Shanghai University, Shanghai, China, in 2014. He is currently pursuing the Ph.D. degree with the School of Instrumentation Science and OptoElectronics Engineering, Beihang University, Beijing. His main research interests include the design of magnetic shield systems, nuclear magnetic resonance gyroscope, and atomic magnetometer.
